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Abstract. We investigate local fractional nonlinear Riccati differential equations (LFNRDE) by
transforming them into local fractional linear ordinary differential equations. The case of LFNRDE
with constant coefficients is considered and non-differentiable solutions for special cases obtained.
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1. Introduction
Ordinary differential equations (ODE) via local fractional derivatives [1] have played an important role
in applied science, such as in fractal damped vibrations [2], growth of populations [3], and fractal heat
transfers [4]. The local fractional calculus is useful to describe diffusion [5–8], heat conduction [9],
waves [10–12], and other phenomena [13]. In [14] the nonlinear Riccati differential equation (NRDE) is
written in the form
dΛ (µ)
dµ
= ̟0 (µ) +̟1 (µ)Λ (µ) +̟2 (µ)Λ
2 (µ) , (1)
where ̟0 (µ) 6= 0 and ̟2 (µ) 6= 0. The fractional nonlinear Riccati differential equation (FNRDE),
proposed in [15], takes the form
dυΘ(µ)
dµυ
= ̟0 (µ) +̟1 (µ)Θ (µ) +̟2 (µ)Θ
2 (µ) , (2)
where υ is the order of the fractional operator [1,16–18], ̟0 (µ) 6= 0 and ̟2 (µ) 6= 0. Here we consider
the local fractional nonlinear Riccati differential equation (LFNRDE)
dζΦ (µ)
dµζ
= ̟0 (µ) +̟1 (µ)Φ (µ) +̟2 (µ)Φ
2 (µ) , (3)
where ζ is the fractal dimension of the local fractional operator [1–13], ̟0 (µ) 6= 0 and ̟2 (µ) 6= 0. Our
main aim is to study non-differentiable solutions of LFNRDE. The highlights of this paper are: we prove
that the local fractional nonlinear equation can be converted into an equivalent linear equation with local
fractional derivative, and that its analytical solution can be found by using the local fractional Laplace
transform.
The article is organized as follows. Section 2 recalls the necessary tools of local fractional differen-
tiation. In Section 3, transformation of the LFNRDE into a local fractional linear ODE is presented. The
LFNRDE with constant coefficients is studied in Section 4. In Section 5, non-differentiable solutions for
a LFNRDE are discussed. Finally, the conclusion is outlined in Section 6.
2. Mathematical tools
In this section, we introduce the basic theory of local fractional differentiation. Suppose that a function
Φ (µ) is local fractional continuous in the domain I = (a, b). Then we write it as in [1–3]:
Φ (µ) ∈ Cζ (a, b) . (4)
Suppose that Φ (µ) ∈ Cζ (a, b) and 0 < ζ ≤ 1. For δ > 0 and 0 < |µ− µ0| < δ, the limit
D(ζ)Φ (µ0) =
dζΦ (µ)
dµζ
∣∣∣∣
µ=µ0
= lim
µ→µ0
∆ζ [Φ (µ)− Φ (µ0)]
(µ− µ0)ζ
(5)
exists and is finite [1–3,5], where ∆ζ [Φ (µ)− Φ (µ0)] ∼= Γ (1 + ζ) [Φ (µ)− Φ (µ0)]. If µ ∈ (a, b), then
D(ζ)Φ (µ) =
dζΦ (µ)
dµζ
= Φ(ζ) (µ) (6)
(see [1]). We say that Dζ (a, b) is a ζ local fractional derivative set if (6) is valid for any point µ ∈ (a, b).
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Theorem 2.1. (See [1–3, 5])
Let Φ1 (µ), Φ2 (µ) ∈ Dζ (a, b) be non-differentiable functions defined on fractal sets. The following
local fractional differentiation rules hold:
(a) D(ζ) [Φ1 (µ)± Φ2 (µ)] = D(ζ)Φ1 (µ)±D(ζ)Φ2 (µ);
(b) D(ζ) [Φ1 (µ)Φ2 (µ)] =
[
D(ζ)Φ1 (µ)
]
Φ2 (µ) + Φ1 (µ)
[
D(ζ)Φ2 (µ)
]
;
(c) D(ζ)
[
Φ1(µ)
Φ2(µ)
]
=
[D(ζ)Φ1(µ)]Φ2(µ)−Φ1(µ)[D(ζ)Φ2(µ)]
Φ22(µ)
, provided Φ2 (µ) 6= 0.
3. From LFNRDE to linear ODE via local fractional derivatives
Taking the function
χ (µ) = Φ (µ)̟2 (µ) , (7)
we find that
D(ζ)χ (µ) = D(ζ) [Φ (µ)̟2 (µ)]
=
[
D(ζ)Φ (µ)
]
̟2 (µ) + Φ (µ)
[
D(ζ)̟2 (µ)
]
.
(8)
Submitting Eq. (3) to Eq. (8), we have
D(ζ)χ (µ) =
[
̟0 (µ) +̟1 (µ)Φ (µ) +̟2 (µ)Φ
2 (µ)
]
̟2 (µ) + Φ (µ)
[
D(ζ)̟2 (µ)
]
=
[
̟0 (µ) +̟1 (µ)Φ (µ) +̟2 (µ)Φ
2 (µ)
]
̟2 (µ) +
[
D(ζ)̟2 (µ)
̟2 (µ)
]
χ (µ) .
(9)
Taking
Ω1 (µ) = ̟2 (µ)̟0 (µ) (10)
and
Ω2 (µ) = ̟1 (µ) +
D(ζ)̟2 (µ)
̟2 (µ)
, (11)
Eq. (9) can be written as follows:
D(ζ)χ (µ) = χ2 (µ) + Ω2 (µ)χ (µ) + Ω1 (µ) . (12)
Set the function
χ (µ) := −D
(ζ)ψ (µ)
ψ (µ)
. (13)
In the light of Eqs. (12)–(13), we have
D(ζ)χ (µ) = D(ζ)
[
−D
(ζ)ψ (µ)
ψ (µ)
]
= −D
(2ζ)ψ (µ)
ψ (µ)
+
[
D(ζ)ψ (µ)
ψ (µ)
]2
= −D
(2ζ)ψ (µ)
ψ (µ)
+ χ2 (µ)
(14)
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so that
D(2ζ)ψ (µ)
ψ (µ)
= −Ω2 (µ)χ (µ)− Ω1 (µ)
= Ω2 (µ)
D(ζ)ψ (µ)
ψ (µ)
− Ω1 (µ) .
(15)
Thus, we have
D(2ζ)ψ (µ)− Ω2 (µ)D(ζ)ψ (µ) + Ω1 (µ)ψ (µ) = 0. (16)
Note that Eq. (16) is a local fractional linear ODE. In view of Eqs. (7) and (13), we obtain the following
non-differentiable solution of Eq. (3):
Φ (µ) = − D
(ζ)ψ (µ)
̟2 (µ)ψ (µ)
. (17)
4. LFNRDE with constant coefficients
We now consider the following LFNRDE with constant coefficients:
dζΦ (µ)
dµζ
= ̟0 +̟1Φ (µ) +̟2Φ
2 (µ) , (18)
where ̟0 6= 0 and ̟2 6= 0. Following Eqs. (10), (11) and (16), we have
Ω1 (µ) = ̟2̟0 (19)
and
Ω2 (µ) = ̟1, (20)
such that
D(2ζ)ψ (µ)−̟1D(ζ)ψ (µ) +̟2̟0ψ (µ) = 0 (21)
subject to the initial value conditions
D(ζ)ψ (0) = α, ψ (0) = β, (22)
where
Φ (µ) = −D
(ζ)ψ (µ)
̟2ψ (µ)
. (23)
Taking the local fractional Laplace transform (LFLT) [1] of (21), we obtain
ψ (s) =
αsζ + β (1 +̟1)
s2ζ −̟1sζ +̟2̟0 ,
where sζ is the local fractional Laplace operator. When Σ = ̟21−4̟2̟0 > 0, taking the inverse LFLT,
we obtain
ψ (µ) = A0Eζ
(
−C0µζ
)
+B0Eζ
(
−D0µζ
)
(24)
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such that
Φ (µ) =
A0C0Eζ
(−C0µζ)+B0D0Eζ (−D0µζ)
̟2 [A0Eζ (−C0µζ) +B0Eζ (−D0µζ)] , (25)
where
A0 =
α
2
+
β (1 +̟1)− α̟12√
̟21 − 4̟2̟0
, (26)
B0 =
α
2
− β (1 +̟1)−
α̟1
2√
̟21 − 4̟2̟0
, (27)
C0 =
̟1 +
√
̟21 − 4̟2̟0
2
(28)
and
D0 =
̟1 −
√
̟21 − 4̟2̟0
2
. (29)
For Σ = ̟21 − 4̟2̟0 < 0, after taking the inverse LFLT, we have
ψ (µ) = A1Eζ
(
−C1µζ
)
+B1Eζ
(
−D1µζ
)
(30)
such that
Φ (µ) = −A1C1Eζ
(−C1µζ)+B1D1Eζ (−D1µζ)
̟2 [A1Eζ (−C1µζ) +B1Eζ (−D1µζ)]
, (31)
where
A1 =
α
2
+
β (1 +̟1)− α̟12
iζ
√
4̟2̟0 −̟21
, (32)
B1 =
α
2
− β (1 +̟1)−
α̟1
2
iζ
√
4̟2̟0 −̟21
, (33)
C1 =
̟1 + i
ζ
√
4̟2̟0 −̟21
2
(34)
and
D1 =
̟1 − iζ
√
4̟2̟0 −̟21
2
(35)
with the fractal imaginary iζ . By setting Σ := ̟21−4̟2̟0 = 0, and taking the inverse LFLT, we obtain
Φ (µ) = αEζ
(
−̟1
2
µζ
)
+
(
β (1 +̟1)− ̟1α
2
) µζ
Γ (1 + ζ)
Eζ
(
−̟1
2
µζ
)
. (36)
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5. An illustrative example
Let us consider the LFNRDE with constant coefficients
dζΦ (µ)
dµζ
= 1 + 3Φ (µ) + Φ2 (µ) (37)
subject to the initial condition
Φ (0) = 1. (38)
In light of Eqs. (21) and (23), Eq. (38) can be transformed into
D(2ζ)ψ (µ)− 3D(ζ)ψ (µ) + ψ (µ) = 0, (39)
where
D(ζ)ψ (0) = −ψ (0) = ξ. (40)
By setting D(ζ)ψ (0) = −ψ (0) = β = −α, we have
Σ = ̟21 − 4̟2̟0 = 5, (41)
A0 =
(√
5− 11)α
2
√
5
, (42)
B0 =
(√
5− 5)α
2
√
5
, (43)
C0 =
3 +
√
5
2
(44)
and
D0 =
3−√5
2
. (45)
Thus, making use of Eqs. (41)–(45), we have
Φ (µ) =
(√
5− 11) (3 +√5)Eζ (−3+√52 µζ)+ (√5− 5) (3−√5)Eζ (−3−√52 µζ)
2
(√
5− 11)Eζ (−3+√52 µζ)+ 2 (√5− 5)Eζ (−3−√52 µζ)
and its corresponding graph, when ζ = ln 2/ ln 3, is shown in Figure 1.
6. Conclusion
The nonlinear Riccati differential equation (NRDE) via local fractional derivative is first proposed in this
work. With the help of the properties of the local fractional derivative, we can transform the LFNRDE
into a local fractional ODE. The non-differentiable solution of the LFNRDE with constant coefficients
is presented. An illustrative example with a Cantor-like function is given. We claim that our method
may be applied to improve the performance in image classification, such as tea classification [19, 20],
pathological brain detection [21], fruit classification [22,23], and Alzheimer’s disease detection [24,25].
This is supported by the fact that fractional nonlinear equations are commonly used in image processing.
Our method can help to improve the solution accuracy, thus increasing the image classification.
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Figure 1. Solution Φ (µ) of (37)–(38) when ζ = ln 2/ ln 3.
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